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EXACTCKUXJUUIONOFUMINARBOUNDARYLAYERIN

LONGITUDllJALFIOWOVERA FLATJ?IJWE

WITHHOMOGENEOUSSUCTION*

3y RudOl_fIglisch

1.StatementoftheProblemandIntroduction

Latelyithasbeenproposed(reference1)to reducethefrictiondrag
ofa bodyina flowforthetechnically.importantlargeReynoldsnumbers
by thefollowingexpedient:theboun$arylaycxr,normallyturbulent,is
artificiallykeptlsminarup to highReynoldsnumbersby suction.The
reductioninfrictiondragthusobtainedisoftheorder ofmagnitude
of 60to &)percentoftheturbulentfrictiondrag,sincethelatter,for
largeReynoldsnunibers,is severaltimesthelaminarfrictiondrag. In
consideringtheideamentionedonehasfirstto cbnsiderwhethersuetion
isa possiblemeansofbepingtheboundarylayerlaminar.TMs question
csnbe emsweredby a theoreticalinvestigationofthestabilityofthe
lezuinsrboundarylayerwithsuction.A kmmrle~, as accurateas
possible,ofthevelocitydistributioninthelsmins,rboundarylayerwith
suctionformsthestartingpointforthestabilityinvestigation.
E. Schlichting(reference2)recentlygavea surveyofthepresentstate
of calculationofthelaminarboundarylayerwithsuction.

The classicexampleforPraadtl’stheoryoftheboundarylayer
withoutsuction(reference3) istheboundarylayer,calculatedby
H.Blasius(reference4),whichdevelopsm am infinitelyextendedflat
plateinlongitudinalflow.Againandagainonerevertsforcom~rison
tothisexample,evenwherethelay-outoftheproblemsisentirely
different.Studyoftheflowalongtheflatplatewillthushavethe
sameimpcu’txmceandsignificancefortheboundarylayerwithsuctionor
blowing.Thedevelopingboundarylayerwill,of course,no longerdepend
onlyontheshapeofthebodyimnersedintheflow- a plateinthepresent
study- butalsoonthemannerof suctionorblowing.Thecaseof

*“ExakteBerechnungderlaminarenGrenzschichtan derl&gs-
angestr6mtenebe~n PlattemithomogenerAbsaugung.l’SchriftenderDeutschen
AkademiederLuftfahrtforschung,Band’8B, Heft1,1944. Reportofthe
MathematicalInstituteoftheTechnicalAcademyBraunschweig.Resented
to theGermanAcademyofAvaitionResearchby thecorrespondingmember
HermannSchlichtingonJanuary26, 1944.

.

—



2 NACATMNo.1205

continuoussuctionwithconstantsuctionvelocitywillbe ofparticular
theoreticalimportance;it isnumericallycalculatedindetailinthe
presentreportandforthegeneralcaseofarbitrarysuctionorblowing
thecompletesystemofformulasisgivenwithwhichthenumerical
calculationmaybe performdinexactlytheseinenmnner.

Theplateisassmedto extendan infinitedistanceinthex direction,
startingat theorfginofcoordinates(fig.1). Fornem.tlvex theflow

*

‘r

isthen-undisturbed;thus
velocitycomponentsin
freestresmvelocity.

the
uU=o,v =-O,-whe*u and–v signifythe

x andy direction,res~ctively,and U. isthe
equation

V(x,o)= To(x) (1)

givestheprescribedsuctionlaw: vo(x)< 0 ~ignifiessuction,

VO(X)> 0 blowing.Theconditionu(x,O)= O at thewallisalsoto
be maintainedfortheboundarylayerwithsuctionorblowing.Randtl’s
boundarylayerequations(references4 and~)(withthesinkeffect
neglected)read

(2)

:+:=0 (3)

v signifiesthekinematicviscosity.Theboundaryconditions(fig.2)

U(x,o)=0, V(x,o)= Vo(x),U(X,4 = Uo,U(o,y)= U. (4)

alsohavetobe satisfied.A s~chl verysimplesolutionofthesystem
ofequations(2)to (4)withtheexceptionofthefourthboundarycondition
(4)canbe givenforthecaseofcentinuoushomogeneoussuetion;thatis
for PO(X)=Vo = const.<O. Inthiscase,accordingtoE. Schlichting,
(reference6)
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() Y.&
U(x,y)=Uo l-e V ,V(x,y)=70 ‘

.

(5)

Thus,velocitydistributionandhencealsoboundarylayerthi~lmessand
allremainingboundarylayerPar-ters areinde~ndent“ofthedistance
alongtheplate x forthissoiution;it iscalledtheasymptotic
solution.

Fora plateprovidedwithhomogeneoussuetionbeginnhgat the
leadingedgethebounderylayerwhichstartsinfrontwithzerothickness
mustbe tremsfozzued,aftera certaindistance,intothisas~ptotic
solution.Thisdistsacein ~icular willbe treatedindetailbelow.

121thefirstchapter(paragraphs2 to 5) thegeneralequationsfor
tbesolutionofthecompleteproblem(equations(2),,(3),and(4))are
setUpjinchaptertwo(paragraphs6 to 18)the case To(x)-V.
with To< O, thatis,thecaseof constantsuction,istreatednumerically. ,
Thecalculationmethodsdescribedherecan,of course,be appliedalsoin
thecaseofa generalsuctionlaw. Furthermore,thevalidityofthese
considerationsis,.naturally,notlimitedto thefluwovera platel;the
numericalmethodsdescribedmaybe usedalsofor~airfoi’1profiles.

I.TEEGENERALSYSTEMOF FORMULAS

2.EliminatioqoftheKinematicViscosityV and

theJRreeStreanVelocityU.

Theequations(2)and(3)aresimplified,if oneinserts

x = Xiv;Y = Ylv

with

Ul(xl,yl)= U(x,y)-d VJXISYJ =V(XSY)

to

(6)

%his investigationhasbeensuggestedtome byMr. H. Schlichting.

.
.



4 NACATM No. 1207

a-q ?3’L113%1
—+v —=—‘1 axl %1 ~Yf

%+22=()
aq aYl I

accordingto equation(4)theboundaryconditions

~(x.pol= 0,+@) =.vo(~~~) = Vol(qs

++=’) = ~osqkYll = U.

‘J
alsoaretobe satisfied.If onemakesthenewstistitution

X2=$ X19Y2 = Yl>
o

u2(x2,y2)= # ul(xl,y~),V2(XJ2,72)=vl(q,~),
o I

equation(7)istransformedinto

.

w

(7)

(8)

(10)

(11)
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withtheboundaryconditionsaccordingto (8)

()
U.

~(+,o) = = VO’2(X2)Jo, ~2(x@) =Vol ;%2

%(%,”) = 2s @o,Y2) = 2
1

3.IntroductionOfthestre~~ction *2 as

IndependentVariableinAdditionto x2

If OIE puts

W2 ,7 aw2
%2 =-J 2 =-—

aY2 %2

equation(11)isautomaticallysatisfied.With

U2(X2,Y2)= U2(W2SX2)

equation(10)istransfo-dInto

whichisequivalenttotheequation

% (seereference7, p.847,formtiag.)ifoneputs

(12)

(13)

(14)

(15)

(16)
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.
Becauseofeq~tions(12),(13),ana(16),thefollowingboundaryconditions
(cf.fig.3 wherea sinkdistributionisassumed)mustbe satisfied,,asfde
from(15): d

Z(m,xz)= 4 = Z(*2,0),z~(x2),xiJ= o (17)

with

J

X2
f(xz)= - ~02(x2)~2 (18)

o

ThereconversionfromthecoordiutesV2,~ to +, Y2 is~de according
to (13)by

(for

(19)

4.SimplificationoftheLfmitsoftheRegionofIntegration

Theregionof integrationobtainsstraight-lineboundariesonly,If
oneintroducesinsteadof

El.*2- J%f(x2), q~=F(z) dx2 (20)
o

with

‘(=) = d== (21)

(cf.fig.4). Onemaywritethesecondequation(20)abbreviatedlyin
theform

P

.

1
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.

m = s(~) withthesolution~ = S(ql)

With

2(*25X2)= Z(E1,TIJ

becauseof

equation(15)beccanes

7

(22)

(23)

(24)

If onedesignates,accordingto(22),

●

-@(+) = -f’[s(qL)]= a(nl)s (25)

,

equation(24)becomes

Furthermore,accordingto (17)theboundaryconditions(cf.fig.5)

(26)

(27)

a %nl)=4=z(~@), Z(o,ql)=0 (28)

m~t be satisfied.
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5.E1.imfnationof’theDiscontinuityin

theBoundaryConditions

We shallintroduce

asnewvakiable.With

onecalculates

Hence(27) becomes

Accordingto (28),,theboundaryconditions

mustbe satisfied.

Finally,a last

T(w,Y)= 4,T(O,Y)= O

simplificationisobtainableby introductionof

(30)

(29)

(31)

(32)

.

●
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With

V(T,u)= T~,Y)

onecalculates

equation(31),with

a(Y)~= a(u2)u= A(u)

b(Y)= b(a2)= B(a) }

becomes

[
~~ A((J)–z 1B(a)+2+#B(a)&~=fi—(11a2v )

1 av——— ——
4T 7 &2 T2 aT

or

9

(34)

(35)

Accordingto(32),theboundaryconditions(fig.6)

(37)

also
.

take

V(=ju)= 4,V(O,a)=0

mustbe satisfied.

Thenumericaltreatmentoftheproblem(equations(36)end(37))can
placeinexactlythe

. suctionvelocity,treated
se.mewayas that

indetailinthe
ofthes~ci&l
nextchapter.

caseof constant
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II.THECASEOFHOMOGENEOUSSUCTION

SpecializationtoHomogeneousSuoti.on

fromnowon

6.

Thuswe fit

Vo(x)= V. withVod O

Thenoneobtainsaccordingto (18)

f(x.2)=-voq

(38)

(39)

accordingto (21)

(40)

accordingto (20)and(22)

~l=iw’29’2=&
1 + VO*

(41)

aocordingto (25)

a(ql)= V. (42)

andaccording-to(26)

(43)

Thedifferentid.equation(24)isthereforetransformedinto

(44)

withtheboun-y conditions(28).

,
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Forfurtherconsiderations,inordertobecomeindependentof Vo,
oneintroduces,slightlydifferentfromtheprocedureinthegeneralcase
(puagraph5),firstasnewindepmdentcoordinates

With

equation(44)thenbec~s

accordingto (28) the boundary

R(M,Y)= 4

alsomustbe satisfied.

(45)

(46)

(47) :
ULL

conditions

=R(X,O),R(O,Y)=0

In analo~ to (29) onenowuses

thenaccordingto (33)T and a as independentvariablesandthus
obtainsinsteadof (36)thedifferentialequation

(48)

(49)

(50)

withtheboundaryconditions(37).
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7.TheSeriesDevelopmentinPowersof a

Equation(~) isa nonlinearparabolicdifferentialequationofthe
secondorder.Usuallyforprdblemsofthiskind(forInstsmceforthe
equationofheatconduction)thevalues,forinstancejof V are
prescribedevenfor a = O;thereasonthattheyarenotprescribedhere
is probablythat ?lV/aacontainsthefactora which,for a+ O, tends
towardzero.Thus a = O isa singularityofthedifferentialequation.
Moreimportantconclusionswillresultfromthfsfaot. In orderto find
outwhetherin spiteofittheproblem(equations(50)and(37))canbe
regukrlyresolvableintheneighborhoodof a = O, onesetsup theseries
development

V(T,U)= To(’r)+vl(7)u+ v&)2+ ● . . (51)

Therefollowsfromit

()
fl=fi+;~”+ ‘vL-L= 2+”””26 ‘p

o

(52)

Comparisonofcoefffcientsofthetermsnotcontaininga in (50)@ves

rVovo” -1-Vo’(H/zJ=o (53)

if“theprh signifiesthedifferentiationof V. withresmctto the
onlyvariable~. Asidefromthisnonllnesrordinarydifferentialequation
ofthesecondorder,accordipgto (37)theboundaqycondi’tions

v-o(o)= o,vo(OJ= 4 (’i4)

alsohavetobe satisfied.

firthes~cialcase To . 0 onehastheproblemoftheplatein “
longitudinalflowwithout“suctionas ithasbeensolvedalreadybyBlasius
(reference4). Forthisproblemthecorrespondingquantitiesofwhich
will always be designatedby = asterisk igj ac-’d~g to (42) and (43)s

.

w

a*(TII)=O, b*(~l)= 1 (55)
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(27)istransformerinto

If oneperformsinsteadof (47)theidentical

equation(56)becomesinsteadof (47)

transformation

Z*

13

(56)

(57)

(58)

Furthermoreone~rformsthesametransformationsas inparagraph6 and
obtainsinqteadof (w)

(59)

withtheboundaryconditions(37).Thisproblemhasa solution
m

V* = V*(T)

whichisindependentof m anddetermined

(60)

by

9

(61) “( -+@ =0, V*(O, =O,V*,.).4@’v*” +v*t .3

Thisisthewell-lommisolutionofBlasius.

Comparisonof (61) on onehandwith(53)and(54)ontheotherhand
shows

VO(T)= v*(~) (62)

.
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Oneknows(and.canverifyit immediatelyby powerseriesdevelopment
for (61)) tkt

J~=~~)=al.+~~2+... (63)

thus

OnenowdeterminesthecoefficientVi(7)
Comparisonofcoefficientsofthepower u in

inthedevelopment

(50)gives

(64)

(51).

or

Accordingto (37),becauseof (54),theboumdaryconditions

VI(0)= O =Vl(m) (66)

alsohavetobe satisfied.If oneusesfor
m in~ogyto (63)

theexpression

v= bl.+ b2T2+ ... .,V1 . b12T2+ 2blb273+*.. (67)

coqarlsonofcoefficientsforthecoefficientof T necessarilygives
.

.
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a12b12- 2b12a1+ bl
(

~ ~ 2a12

)
1 %2 . ()——- -—

2 q 2 al

15

sinceonepemeter mustbe keptavailableforthefulfi~nt ofthesecond
boundarycondition(66).Forthefurthercoefficientsbv with v >1 one
obtainsqualifyingequaticms.ThefurthercoefficientsVw(t) w$th I.L>1
in (51)alsocouldbe determinedinthismanner;however,thiswaywouldbe
tootroublesome.We shallthereforechoosesmothermethod.

Thefundamentallyimportantresultofthisparagraphisthehowledge
of V(T,O)= VO(T)= V*(T).Accordingto it,anymethodofprofile
continuation(asitwasdevelo~dforinstanceby L. Prsndtl(reference8),
H. G&?tler(reference9) andK. Schr6der(reference10)isapplicablefor
thetreatmentoftheproblem(50),(37).However,iftheexpmmiitureof
calculationtimeisnotconsiderablyincreased,thesemethodshavetoo
littleaccuracy,~lcularly inthederivativeswithres~ctto T.
Since,intheInterestofa stabilityinvestigationfornottoolargevalues
of a, (seereferences11and12)and,forthestabilityinvestigationof
thepresentproblem,(reference13)thesecondderivativesof V(T,C)
withrespectto T also are required, theapplicationofthetwomethods
to be describedbelowis justified:tho

T
theyrequiremoretimeexpenditure

. thanthemethodsdescribedinreferences, 9, end10,‘theyhavetheadvantage
of givingthederivativesofthevelocitycomponentu withres~cttothe
transversedirectionwitha relativelyhighaccuracy.Butalsoasidefrom
thestabilityinvestigationthepresentproblemis of suchbasicsigniff-k cancethatthedesireforgreateraccuracyofthevelocitydistribution
is sufficientlyjustified.Inversely,thetwomethodsinquestioncanof
coursebe usedfor

V(~,a)=V(T)

continuationofqrbitrsrilyprescribedvelocityprofiles.

8.A FirstApproximationMethod

willbe approximatelycalculate~forcbnstemtu
accord& to (50)-underthea~sumptfontfiatV(T,a- k) = V(T) islmown;
for a-k= O thisassumptioniscorrect.Onerepla~esin (~)
&T/% ap??roximatelyby thedifferencequotient(V-V)/k; if k Is
small,one-mayfurthermoreput V xv; thiswillbe donein (50)every-
where V appearsina
thefollowingequation

~er superlorto1. Onethenobtainsfrom(50)
fortheliqearapproximation

(68)
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Furthermore,accordingto (37)theboundaryconditions

v(o)= o,v(=)= 4

havetobe satisfied.Theconsiderationsof-graph 7 lead
developnwntin~rs

w
T 4~2+CT3+C4T= CIT+ C2 3 +0..

thus

4+d#+.. .V(T)=d#2+ d3T3+ d4T

assumingasanalogous

rT= alT+ . . .+ a~T4 +.0.

T= 2+ . ..+b5T5. ..,.b27
}

Inthecase a-k =“O thisexpressionaccordingto(63’)and
justified.The ax and bv areconnectedby theformulas

~2
b2=l

al = rb2

b3
= 2~a2 %? = b3:2a1

.
b4 . 2al~ + %2 a3 = (b4-~2):2a1

\

b~=2a~a4 +2a2a3 al = (b~ - 2~a3):2a1
● ✎

✎ ✎

✎
✎

# .
. .
.

●

✎
✎

✎ ✎

J

r

(69) w

totheseries

(70)

(71)

●

(72)

*

(64) iS

(73)
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Compmisonwiththecoefficientsin (68) yields forcalculationof
the dv theformulas

IIT*2x3ald3+l X2~~+

II‘33x4a1dk+2x3~d3+

– 4a~d4= o

“114X~al%+3x~d4+

- 3a3d3+ ~4(2u- ~) - 5a1d5= (~ - b2)a/k

.

.

.

.

.

.
●

✎☛

Furthercalculationyieldsthefollowingformulasfor.determinantion

4ud2
d3 =--

3a1

3d3(~ + 2u)
dl=-

8a1

&14(~+ c)- 3d3a3- 2%(1 - a/k)- 2b2a/k
d5 =-

15al
.
.
.
●

✎

✎

.

.

17

I

(74)
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Thefurthernumericaltreatmentwillbe discussedinwagraph 12.

9.VarfablesSuitableforTabulation

We shallnowconsiderwhatdimensionlessvariablesaremostsuitable
ae characteristicsandwhatconnectiontheyhhvewiththecoordinatesT
and u formingthebasfsof ourcalculation.We shallin

V(T,U)=’@(T,a) (75)

againintroducetheoriginalvariables.Accor~~to (33),(49),ad (45)

u

[!

thus

il-Vo m

1 + V02

vo

u(T,a) =U

(r

& 9

rn~

*

Furtheroneobtainsaccordingto (41),(39),~d(~0)

\

U(T,6)

‘“(F-vOG)

(76)

(77)

From(19)oneconcludestith(39)
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.

Y2 =

forconstant5“ Hbre

(78) “

(79)

we shallintroduceasnewintegrationvariable

nT

JTdT
72=2- — (80)

,. 0 U(T,Cr)
.

forconstanta. Accordingto (16), (14)
equationsaswe~ as (75)oneconcludes

U(T,6) = UJ$2+)‘

andthefollowingtransformation

U2(X2SY2) (81)

Accordingto (9)oneobtainsfurther

If one,furthermore,takes(6)
originalcoordinatesx,y end

2X1

(
U2—

U.‘ ) U.
Y = ~U(T
1’

intoconsideration,
theendcoordinates

,(7). (82)

onehasbetweenthe
T,u theconnection
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.

(83)

(84)

s(85)

arethereforeadvisableas dimensionlessvariables.(c, = -vo/Uo) ie the
m-calledmasscoefficient&fthesuction,definedby Q = -vobz= cQUob2,
with Q signifyingthesuctionquantity,3 and Z widthandlength,
respectively,-of theplatesectionconsidered.

10.TheCharacteristicBoun&ryLayerParameters

As quantitiespcrticul=lyche~acterlsticfortheboundarylayerone
definesthedisplacementthickness

.

.

(86) .

.
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thuswith(85)

themomentumthiclmess

.

theform~ameter

sad,finally,thewallshearingstress(p= density,p~= W)

thus

Toy$ [(]-voa* ~ ~
—= ——
Mu. v

~ ‘o y+=o

(88)

(89)

(90)

(91)

(92)
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11.TheBlasiuESolutionwithoutSuction

SincetheBlasiussolutionformsthestartingpoint.fortheentire
calculation,we shallfirstsketchitsdetem.uinationinourcoordinates.
ForthenumericalcalculationofthesolutionV*(T) oftheproblem(61)
themethodofAdamswasused,andinparticulartheextrapolationmethod
(cf.G. Schulz(reference~h),Nr.108). Forpracticalcalculationwith
thecalculatingmachine,thefollowingfommila(symibolsas inSchulz~
report) ismoreconvenientthantheformula(2)(cf.theequation(1)
onp.116,Schulz)whichusesthedifferencesofthefunction f(x,y)

5J+I- % = h(2.291667%-

+ 1.541667q4

equation(93) operates only withthe

2.45~333q_1
(93)

- o.375q_3)

values ofthefunctionf(x.y)instead
ofusingtheirdifferences.Thisformulawasappliedwiththe”~~thof
intervalh = 0.05 tothesystemofdifferentialequationsfollowing
from(61)

W*, W*(+:W--V*,=W*=- rV* (94)

Thenecessaryfourinitialvaluesweredeterminedby seriesdevelopment.

oneusesfor
comparisonof

*2

b3

.a=a3 5=a6=o’a4=+

. bk =b6 =b7 = O,b2 =alz,b5 =2a1a~

Fordeterminationofthe
value

(95)

asyetundeterminedcoefficiental or b2 the

fo’’(o)= 1.328242 (96)
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wasusedwhichcanbe foundinreference15,p. 551. Accordingto
Howarth,p. 7X, formula(2),thevariableis

in 0u3?symbols

With V. = O
transformedinto

‘1Uoq=z _
2 VX

equation(76) is, when

(r)~=U*(T)= u

!f‘h
equation(82)becomes

23

(97)

(57) is takenintoconsideration,

.ul*(xl,y~). * U*(T)

(98)

(99)

Hence(97)istransfomnedinto
pT

J‘r(ITn=p —
o U+(T)

(101)

AccordingtoHowarth(reference15,p. 548) fro(q)isidenticalwithour ●

velocityU*,thou@ as functionof q. Thusonehas

du*(T) &T
fo’’(~) =——

dT dq
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or,taking(101)intoconsideration,

If oneputshere 7 = q = O, oneobtains,taking
considemtion

.

al2 = b2. = fo’’(o)~

T (102)
U*(T)

thedevelopment(72)into

(103)

Forhnprovementofthevaluesattainedbymeansof’Adams’extrapolation
formula(93)theinterpolationformulaofAdam(Schulz,reference14,
p. 121,lastformula(8))wasusedwhfch,whenthedifferencesareeliminated,
ap~arsas follows:

y (k+l)
m - Y*:’+’) = rh0.37~m(k)+ o.7g1667fe1(k)

L

-1 (104)
–o.208334rti 1(k)+ o.041667fE3(k)

Thenumericalvaluesthuscalculatedof

_, 1 auu —— a.n~L&
U. U. ~* uo %*2

arecompiledatthebeginningoftable1 as functionof

T* r=y uo/vx

.

Thecharacteristicboundarylayerparameteraretobe definedas
in10. If oneintroducesas dimensionlessvariable(cf.also(100))
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.

.

4
(105)

(thisisthequantity~ usedbyHowarth,cf.(97)and(101)),there
followsaccordingto (86)

In analogousmanneroneobtains,
thickness

accordingto (&), forthemomentum

Theformparameteragainis

andthewallshearingstressresults,accordfngto (91)>as

(107)

(108)

(109)

Thefollowingnumericalvsluesresult: “

.

.
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8 rU.5* — = 1.7207,‘o 5*= o.5714
~x P u~

r

~ U.
—= 0.6641, w = 2.591
Vx $ )

(110)

12.TheNmmical IWerminationoftheApproximate

SolutionV(?jcr)According

First,a solutionof (68)and(69)
onehadto put

T(T)= V(T,0)

to theFirstMethod

wasdeterminedfor a = 0.1hence,

= V*(~)

Theseriesdevelgpnentdescribedinparagraph8 ceabe ~rformedaccording
to theformulasgiventhere,onlythecoefficient~ (andhence c1)
remainsundetermined.Thusonehastoassm firstan arbitraryvalue
of ~ andhasto determineitintheendfromthesecondcondition(69).
ItwI1lbe usefulltochoose$ ‘b2. Thecalculationwasmadeina manner .
similarto oneappliedbyHans~oachtiLuckert(reference16). Tvo
differentvaluesb2 (letus assumeb21 and b22)wereselected,the

correspondingvaluesof V(T) forT = O;0.05;0.1:0.15 were
calculatedaccordingtotheseries(~1)”thenthetwosolutions,tobe
calledVi(T) and V2(T),werefollowedup furtherby meansofAdsJ.uE’
methodas in~agraph 11 (cf.(93)and(104));thetwovaluesb21
* b22 wereselectedim sucha ~r tkt V.(-t)> V(T)
ad V2(T)< ~(T) arevalidforml valuesof 7. As soon

as Vi(7) or V2(T) at a pointTo exceededthefunctionV(T) or
deviatedfromitbymorethanl,twonewfunctionsV3(T) -d V4(T)

wereintroducedby ‘

V?(T)=mV1(T)+ nV2(T),v4(T) = I.LV1(T)+ T2(T) (111)
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/

m= qTJ –VP(T )
. 1n=-m )

V4Po) - Vppo) 1,V =-Y
w? 0) - V2(To) J

(112)

V3(TO)> ~(70) d V4(TO)< T(TO) wereselectedsothatbehindTo

again V3(T) liesabove,V4(T) below V(T). Aftercalculationofthe.
startingvaluesof V3 ~d V4 requiredforthe,Adamsmethodandofthe
correspondingderivativesat thepointsTo;To - 0.05;To - 0.1:
-T. – 0:15 accordingto (111),V3 and V4 maybe calculated
furtheraccordingtoAdams.Of courseV3(TO)=V1(TO) or V4(TO)= V2@o)

maybe selectedifthatseemssuitable.Possiblythepair V3(T),V4(T) t
alsomustbe replacedinthesamemannerby V (T),V6(7),etc. The3
calculationwascarriedthroughup toa pairoffunctionsv~_@ v#)
untilitbecam3evidentthatforinstance?

v~_l(’rl)
~_l(T) withtheassumption

= 4 didnotanylongershows tendencyto deviatefromthe
value4 to a noteworthydegree.Thiswasshownto oocurat ‘1 = 3;

forthelamzera valuesthispointshiftedto theleft(cf.paragraph18). :
Thedesired-solutionof t68) for u = O.1 thenis

V(T;0.1;0.1)=v~_l(T)

!l!hissolutionwascalculatedforall T valueq,takingthe
and(112) intoconsiderateion.

(113) ‘

formulas(111) ‘

However,theaccuracyofthis V(T:0.1;0.1)isnotyetsufficient.
Thus V(T;0.1;0.05)alsowascalculated,by subdividingthe
Intervala = O to u = 0.1 intotwopartialbtervalsofhalfthe
width;thenumericaltreatmentwasthesam.

~ orderto obtainan estimateoftheaccuracy,the u intervalof
thewidth0.1fi@llywasdividedintofourequalpartsand
thus V(T;0.1;0.025)obtained.By linearextra@-ationoneobtained
from
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.

V(T;0.’1;0.1) and V(T;0.1;0.0!5)

Y,(T;0.1)= 2V(T;0.1;0.05)-V@; 0.1;0.1)
A

furthermoreby quadraticextrapolationfral

.

(114)

V(T;0.1;0.025),Vp; 0.1;0:05) and V(T;0.1; 0.1)

V#; 0.1)= 2.66666w(T;0.1; 0.025)
. (115)

-2V(7;0.1;0.05) +0.333333V(T;0.1; 0.1)

Thefunctions(1.lb)and(115)differedatmostby % unitofthethird
decimal,theirfirstandsecondderivativeswithrespectto T atmost
by 2 or6 unitsofthethirddecimal.Finallyoneput

V(T;0.1)‘V2(Tj0.1) (116)

,
In thesamewayonecalculated

V(T,U)fora = 0.2;0.3s . . . ; 1.0

usiDg

V(T) =V(T; a–O.1)

etc.; however,onealwaysputs

V(T,cf)~V~(T; cr) For cr>O.1 (117)

.

.
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Thesub-divisionofthe cr intervalofthewidthO.1intofourequal
partswasnotundertaken.Actually,(verifiedbythesketchesofthe

. curves),
velocity
moreand

thevariationof V(T,.6)-&d itsderivativesaswellas the
variationcalculatedfromitwithitsd.erivativesbecomes
moreunlformwithincreasingrsvalues.

13. A SecondApproximateionMethod

?J’ollowing,anotherapproximateionmethodwillbe described.which
yieldsresultsmuchmorerapidly:itrequiresonlyaboutonethirdof
thetimee~nditureoftheformr methodandoperateswithat least
thesameaccuracy.Theproblemtobe solvedis (50), (37). By
interpolarionone

l!K&L
au

detemines .

.

= ~ [+.33333V(T,U- 3k)+ 1.5V(T,a - 2k)

(117)

- 3V(r,a - k)+ 1.83333v(7,a~

V(*,a)iscalc@ated.undertheassumptionthatall V(.T,u - nk)for
= 1, 2, 3, 4. are known. (Actuslly thismethodcould,‘therefore,have

;eenuE&ialreadyinthecalculationof V(TI;0.4). h?? V(T,U)OIle
ffistdeteminedby etirapola.tiontheapproximatevalue

V*(T,cr)=-V(T,U - hk)+

The(50)is’

If OIISputs

+ 4V(T,cr- k)

approximatelyreplaced

4V(T,ff- 3k)- 6v(7,u - 2k)

(118)

by

accor~ to (117)

(llg)
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[
.= - 0.3333~(T,a

‘(T ) m

equation(119) is transformed

~?
‘ ~T

(

!I!M.s equationissolved
bounderyconditions

F*

NACATMNo.1205 .

1
— ~k)+ ~.~(T,d- 2k)+ 3v(T,~- k) (120)

into2

)1——- 1.83333a v = g(T)
T kw*

(121)

inthemannerdescribedinparagraph12withthe

v(o)= o; v(m) = 4

Splitintoa systemof differentialequationsof
a’p~arasfollows:

V* =W

.

.

(122)

thefirstorder,itwilJ.

&

wt=-w~T.&T3-~)+1.83333~v+g[T, (123)

‘onealsocouldhavedetermined~V(T,U)/&insteadofaccording
to (117)by Interpolationfrmu

V(T,U - k),V(T,U-2k),V(T,U -Sk), ~(T,u - 4k)

by extrapolation.Xnplaceof (121)onewouldthenhaveobtained
for V(7,a)a lineardifferetitialequationofthesecondorderinwhich
thetermwith V ismissingandwhichthuscanbe solvedby quadrature
(Simpsonssrule).Thisnmthodmayperhapsseemmoreconvenienttomsmy
readers..

.
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FordeterminationofthestartingvaluesforAdamstmethodoneagain
setsuptheseries

P

V*

Accordingto (118)

dv”= ~(u–

develo~nts(70),(71)andanalogously

= C1*T”+C2*F+ ● ● ● +C5*T5 +... (124)

=~*F+. ..+d6*T6 +... (125)

4k)+ 4~(a–3k) -6~(u-2k) + k~(o–k) (126)

Furthermoreaccordingto (120)

@g(T) = A44 +... (127)

with

~~.aa~L 1-0.33333b2(a-3k) + 1.n2(a-2k) -3b2{a-k) (128)
.

Thsca~rison ofcoefficientsismade,insteadofwith(121),tobetter
advantagewith

One obtains
.

.

,

.

1
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d@J)=-(2.eadQ
&l*

(A~-.2-
)366667@(u) + 3c3*d3(u)+ $(a+ c~*)d4(a;

k(a) =
/’ 15C1*

.

.

.
●

✎

✎

✎

✎

(130)

It isusefulto selectforthearbitraryd&)

(131)

The firstcalculationaccordingtothismethodwascarriedoutfor u = 1.2
and k = 0.2; themaximumdifferencebetweenV and V* emountedtoless
than5 unitsofthefourthdOChd. Neverthelessonemustnotthinkthe
applicationofAdamstmethodsu~rfluous;it shouldbe recalledthatone
obtainsinthismanner

withappropriateaccuracywhichisnotwellpossiblebymeansofextrapolation.
Andsometime,ofcovrse,thisgoodagreemntbetweenV and V* does
haveto stop.For u = 1.6,forinsttie,thedifferencewasalreadyone
unitofthethirdd6cimal.

The following
describedabove:

G

a -ues weretreatedaccordingtothemethod

=1.2;1.4;1.6;g.oj 2.4;3.2; 4.o

.

.
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14.TheCalculationoftheReducedVelocity

andItsDerivatives

Aocordingto (75)and(82)me findshmediately

r~V(T) =*U(T)
$=2

firstas a funotionof T. Thequantityy+ desiredas
variableinsteadof T wascalculatedaccordingto (85)
Simpsontsrule. Furthermoreoneobtains,againbymeans

andaocordingto (71)

Zn theseinewayonecalculates

and

33

(132)

independent
bylIlOaIISof

1 %.1 TV?(T) - w(T)~=,l (Twt - w)~—— =
‘o afi2 8UT2 207 16u2 .r3

ThequantityW1(T)

(133)

(134)

(135)

I a2u—— =~ 3c1d3for T=O (136)
‘o afi2 16u2

.

appearingin (135)wasalreadydeterminedinthe
calculationaccordingtoAdamstmethod.

Table1 added,forthevariousvalues

E = 1/2$

of
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thecalculatednumericalvaluesof

as a functionof y+ includingtheBlasiusprofilefor ~ = O ~d the
asymptoticsuctionprofile(cf.(~)).Concerningtheaccuracyofall
tablesit shouldbenotedthatthelastdecimalgivencannotalwaysbe
fullyguaranteed;particularlyforsmallervaluesoftheindependent
variableSmallinaccuraciesinthelastdecimalmayoccur3.Inthe
followingwayoneobtainsanotherestimateoftheaccuracyofthe
numericalmaterial.FulfillmentofPraridtltsboundarylayerequation(2)
for y = O,thatisattheplate,yieldstheresultthattheremustbe

Intheapproximatecalculationthisconditionwasnot

Fig.7 showsa sketch

Thevelocitydistributions
profile(g=m). hfig.
illustratedwitha shifted

of u/u. asa functionof

y+ =
v cd

approachforlarge~ the

used.

asym@oticsuction
8 thecurvesu~o againsty/E* are
startingpoint.Onecanseethatthesecurves

hardlydifferinshape.Thecurvesof

8*/uo-%/ay

illustratedinfig.9 intheqamemanner,havea slightlymorevaried
aspect,whereas

#u/a?

%.hsnumericaicalculationswereverifiedbyMr. H. Schaeferonthe
basisoftheso-calledmomentumcontrol

To(x)u2dfl—= — -Vouo
P Odx

itprovedusefulto integratethisequationinthex direction.Agreement
accordingtotheaccuracy’indicatedaboveresulted.
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(fig.10)forthe
differentshape.

35

differentvaluesoftheparameterg showsan entirely

Thecharacteristiclxnudarylayer~tOrs

-vo6*/vand –To+/v

resultfrom(87)and(8$)),respectively,by meansofSimpson*srule.
Thereafteronemaycalculateimmediatelytheformparameter8*/t9
according.to (gO)-and,accordingto (92’),easily

Tob*/@Jo

With(85)takenintoconsideration,therefollowsimmediatelyfrom(87)
and(1o6)or (@) and(107),res~ctively,

●

and

.

‘&i.a=o@BlaS0””4’

(137)

(138)

thenumericalvaluesweretakenfrom(110).

Thefourcharacteristicconst&.ntsaretobe foundintable2 as
functionof ~ and C, respectively.Fig.11 givesan illustration
bymeansofa sketch;thetangentsat thestsrting@.nt accordingto
equations(137)smd(138)areplottedthere.

15.TheStreamLinePattern

As streamfun&tion~ we shallintroducethestremf~ction ~(~,fl)
withtheuseofthedimensionlesscoordinates;it isdefinedby

.
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Forthatpurposeoneputs

Actually,accordingto (83)and(85),

henceaccordingto (lb), (13),~ (9),

furthermoreaccordingto (84)and(85)

NACATMNo.1205

*

(139) .

(MO)

(141)

●

-

(142)

thusaccordingto(140),(13),and(8)

Thenumerical.calculationofthefunction* maybe carriedoutas
follows: I!Yom(79)oneconcludes

with(83)thereresults

.

.
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thusaccordingto (140)

Thisvaluecorrespondsto

(143)

,

(144)

thelatterhastobe calculatedaccordingto (85).

Accordingtothetablescalculatedinthiswaythepatternofthe
streamlines~ = const.wasconstructedbymeansoflinearinterpolation.
Itmustbe notedthatformula(143)yieldsfor E = O andhence a = O
ofiythesingularstreamline(onepoint)~ = O tith Y* = O (cf.(85)).
Since,however,for g = o,u/u. mustequal1, onehasbecauseofthe
secondequation(139)

.

* (O,p) = y++ (145)

Thisresultisnaturallyyieldedalsoby oursystemofformulas:
accor~ngto (85),nau@-y,

whereasfrom(143)follows

(146)

(147)

Therightsideof (146)goes,dueto themonotonegrowthof U(T,a) as
functionof T fromO to 2,withincreasing7 fromhfghervalues
toward
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[

T2
2 L~T=—

2 2

so that for a-o andkrge T (andonlythesehavetobe considered
for a +0, accordingto (143),) therightsidesof (1~) and(147)agree.
That,however,leadsto (145).

Fig. 12 presentsthestreamline~ttern,fig.13a partialsection
for~-valuesfromO to1 inma&.ifiedscale.Particularlynoteworthy
isthesteewning”ofthestreamlinesat thebeginningoftheplate~ = O
whereallstreamlineshavea verticaltangent(cf.alsoparagraph16).
Allstreamlinesapproaohthewallvertically,sincetherev = V.
andu=O.

16.TheVelocityComponent

Thevelocitycompomnt

Per~ndicular

perpendicular

V(E,Y-q/-vo

totheWall

tothewallres~tsfrom(139).Onecalculates

Now,accordingto (~),

d~ = ada,dy*. 2a~ d,+~da
U(T,a) aa

●

with

J‘T?&ddT*_ P aa=—-

aa a o U2(~,a)

(148)

(149)

(150)

By furthercalculationoneobtainsfrom(149)
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Sincefrom(143)follows

oneobtains,accordingto (148),

(171)

(152)

(153)

ThisistheformulaforcalculationofthevelocitycomponentWrpendicular
to thewall. &/% canbe deteminedby interpolation,since P(r,u)

I

wasrequiredamywk.yfortheformr calculations.

For“T = O,where

U(o,u)s o -d aF(O,a)/&

necessarilyfollowsfrom(153)~/–r.= -1,that

and a ~ O thedecisivefactoris,accordAngto

is V=vo. For T#O

(153)and(150),
m \

equation(85)wastaken
of U(T,a) fromO to 2
obtsins

v
-vo

intoconsideration.
with T theb-racket

Duetothemonotonegrowth I
isneg&.tivesothat&e

=+ w forT = O

This, however,meansnothingelsebutthe
for ~ = O pointedoutat theendof,the

emd.a=O (155)

steepening of the stream lines
preceding paragraph.Moreover,
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onemaycoqdudefrom(1’54)in connectionwith
thatfor ~ + O and ~ different.fromzero

*

1[T
v 1 T@—=— lint U(T,O)— --v0 @_ET+M ~ U(T,0)

NACATMNO. 1205

thetwoequations(85),

7

J&T2 +..0
2

Inste~d of~~c~ati~g l-T + ~ it, is~~fic~entto~ub~titutethat.
val& ~ forwhichU(.’,0)= 2 is satisfiedwithadequateaccuracy.
Accordingtothecalculationsdescribedinparagraph11 onecan
put T*= 3. Thenoneobtains

v—=&[~ 1T~
—- 4.5+...

-V. U(T,0)
T

“Y+BZbeingthevaluedefinedby (lW,).Thenumericslcalculationgives
theresdt

v 0.8448.=—
-vo E

ForWrfotingthecalculationof
in (153)oneshouldfurthernotethat,

+.. . (156)

the W/ad for‘T > 3 aPFeariM
accordingto (85),

Hencefollowsimmediately

W(T) ~fi(s) + * (72 –9) (’r% 3)—= —
a. au

(157)

(158)

.

.
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andthusfrom(153)

In fig.14the

that ‘

fl=v~for T>3= (159)
-T. -V.

valuesof v/v. areplottedas functionof y+ for
thevsriousvaluesof ~.

17.TheDragofthePlate.

Thetotalfrictiondragforthe-plateofthewidth b andthe
length2 wwttedon onesideis

1

z
W=ll To(x)& (160)

If onedefinesinthecustomarymannerthecoefficientofthefriction
dragby

I

wCf = (161)
.

~ Uo2Zb
2

andputs

To&

f(~)=>= ?0*=—.
Ow V05*—— p(-vo)Uo

v

(162)

.
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(regardingthevalue70. forthe“asymptoticsolution”(reference
(alsoseeparagraph18)Cfbecomeswith

‘
Vo2 U02

()
E~= -; ~=cQ2u+

o

1205

6)

(163)

r Ez
—V. 1 ‘o d~

-V.
c.f=2— — =

T— 2 ~F(~2) = 2cQF(~z) (164)
TJoEl Oco

o

with

Oneconcludesimmediately:

For El+ W oneobtains.

for ~1~0 oneobtains

v–Y
Thefirstisthedraglawoftheasymptoticsolution.the

(165)

,

latter Blasiusl
draglawforthecasewithout.sucti~n~Thedraglaw-intheentrance
regionisgivenby equations(163)and(164).The&ag coefficientsfor
vsriousmasscoefficientscQ coincideinonecurvewhen

1
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cflcfw= cf/2cQ= F(EZ)

isplot’tedagainst

(Fig.15).

Forcalculationd? theintegral(165)oneintroducesaccording
to (85) a as integrationvariable:

with

(166)

.

Accordingto(87)and(92)aswellas to (106),(log)and(110)

E-v. TOS*
-—=~ 1.7207a. . .,—=o.5714+ . . .

v V2 NJo

hence

F(~Z)=5,
r

o.5714d=+ . , .“=—
z E—

2\~oa5714+. . .
20 1.7207 UZ 1.7207

(168)

.

= o.6641~
F 1

#
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inagreementtiththestatementmadeinconnectionwith(165).Theintegral
.

ap~~ing in (166)isa definiteintegralandwasevaluatedaccordingto
Simpsontsrule:firstwiththewidthof intervalh = 0.2;thusone
obtainedthevaluesof F(~Z) for cr~= O, 0.2, 0.4, . . . IRromthemthe

.

valueof F for az= 0.1 wasdeterminedaccordingtoI?ewtonfs‘inte~
polationformula;by repeatedsuccessiveapplicationofSimpsonisrule
the F valuesfor’crl= 0.3,0.5,0.7,. . . wereobtained.

Thelastcolumnoftable2 givesthevaluesofthefunctionF(gl).

Fig.15 showsa sketchofthisfunction.~ fig.16 thecurves103Cf
areplottedas functionof UoZ/~ with CQ= –vo/Uo as paremterjfor
comparisonthecurvesaredrawnas dashedlineswhichillustrateforthe
flowwithoutsuctionthetransitionfromlsminartdturbulentflowor,
respectively,thefullyturbulentflow(reference17).

The differencebetwaenthefullyturbulentdragcurveanda
curve CQ = const.givesthedragreductionbynwznsofkeepingthe
boundarylayerlamfn@,underthepresuppositionthatthelsminarboundary
layeris stablefortherespectivemasscoefficient.thatis.thatno
tr+m.sitiontothe

Accordingto
by theexpression

turbulent-flowtyp occurs4.
.

18.TheAsymptoticSolution

Schlichting(reference6)theproblem(2),(3)issolved

v = Vo, u = Uo(l–e-fi) (169)

.

%M.formationonthe-ss coefficientsrequiredformaintenanceofa
laminarboundaryla~r isgiveninan investigationbyA.Ulrich
(seereference13)h whichthelaminarvelocityprofilescalculated
inthe~esentreportwereinv~tigptedforstability.Themass
coefficient

cQcrit
= 1.2X 10 wasfoundto be sufficientforthe

maintenanceofa laminarboundarylayer.Hencereductionsinfriction
dragoftheorderofmagnitudeof70to 80percentofthefullyturbulent
fri~tiondragresultfortheReynoldsnumberin theregion -

uoz/i = 5X106 to 108

importantinpractice.
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whichalsosatisfiestheboundaryconditions(4)withtheexception’of
thefourth,thelatteronlyfor F+=. WithincreasingP the
individualvelocityprofiles’UFO ‘willtendtowardthis“asymptotic
solution”(169).We shaIJ.reconvert(169)to ourcdctition
coordinate:u and T:

l–

Onetakes(%) and(132)

Differentialion

*

andintegration

2U

intoconsideration:

withreswctto T gives

(170)

(171)

Theadditiveintegrationconstantwhichactuallyshouldapgearonthe
rightmustdisappearsinceaccordingto (170)for ‘T= O ~~ alsomust
disappar.

llbm(171)oneconcludesforinstance:ForconstantT = tends
withgrowinga increasinglytoward2;thisisthereasonfortheremark
fideinparagraph12 thatthequantitycalledT theredecreaseswith

1growinga.

Equation(171)assmnesa clearerformifoneintroducesaccording
to (33),(34)and(49) X and Y as independentv~iables:



●

46 NACATMNo. 1205

(@+22n 1-*

Thiscouldhavebeenconfirmeddi~ctly

Inallfiguresthevaluesreferred
caneasilybe calculated.a’smarked.in.

)@=-x” (172)

from(47).

tothe”asym@oticsolutionwhich
IX isshownthatf’ora = 4 all

flowcharacteristicsliesufficientlycloseto thecorrespondingvaluesof
thea@@otic solution.

SUMMARY

A generalcalculationmthod isgivenwithwhichto determinethe
boundarylayerdevelopingalongan i~initelyetiendedflatplateunder
theinfluenceofanarbitrarysuctionorblowinglaw. Forthespeciel
caseofhomogeneoussuctionthenumericalcalculationofthevelocity
withintheboundarylayeris~rformedcompletely.Twonumericalmethods
areappliedwhicharebothfundamentallybasedontheapproximatesolution
ofanordinarylineardifferentialequationofthesecondorderforthe
calculationofeachvelocityprofileverticaltotheplate;thusone
attainsa sufficientlyaccuratedeteti~tionofthefirstandsecond
derivativesofthevelocityverticalto thewallaswell. Bothmethods,
csnalsobe appliedforthecontinuationofan arbitrarilyprescribed
velocityprofile. *

Translatedl)yMaryL.Mahler,
NationalAdvi80ryCommittee
forAeronautics

.

.
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TABLEI

THEVELOCITYDISTRIBUTIONWITHITSFIRSTAND

SECONDDERIVAT17mFORVARIOUS~

a = o; ~= O Blasius G =0.1; ~=o.oo~

1 au 1 a% _vg
u —— u 1 au I a%
v; Uo ** m ~~ 9=— v ~ G- g~

0 0 0.332 0 0 5.322 -5.329
0.2064 0.0685 0.332 -0.001 0.0137 0.o~26 5.248 -5.481
c.4128 0.1370 0.331 -0.005 0.0275 0.1445 5.169 -6.100
0.6193 0.2053 0.330 -0.011 000414 0.2156 5.077 -7.149
0.7935 0.2733 0.327 -0.018 0.0574 0.2858 4.968 -8.595
1.0007 0.3406 0.322 -0.028 0.0694 0.3546 4.835 -10.389
1.2088 0.4069 0.315 -0.040 0.0836 0.42x) 4.673 -12.459
1.4179 0.4718 0.305 -0.053 0.0979 0.4874 4.479 -14.705
1.62% 0.5348 0.293 -0.066 0.n23 0.5505 4.250 -17.002
1.8412 0.5955 0.277 -0.079 0.1269 0.6108 3.985 -19.204
2.0563 0.6532 0.259 -0.092 0.1418 0.6678 3.685 -21.150
2.2744 0.7074 0.238 -00102 0.1569 0.7210 3●353 -22.676
2.4964 0●7575 0.214 -0.109 0.1723 0.7699 2“995 -23.626
2.7227 0.ti32 0.189 -0.113 0.1881 0.8142 2.620 -23.880’
2.9544 0 ●8440 0.163 -0.113 0.2043 0●8535 2.237 -23.361
3.1922 0.8795 0.136 -0.109 0.2209 0.8875 1.858 -22.062
3.4371 0“%97 oelll -0.100 0.2381 0.9163 1.495 -20.051
3.6900 0.9347 0.08’7-0.089 0.2558 0.9398 1.161 -17.472
3.9519 0.9545 0.065 -oeon 0.2743 0.%84 00866 -14.537
4.2237 0.9697 0.047 -0.060 0.2934 0●9725 0.617 -11.491
4.5063 0.9@8 0.032 -0.045 0.3134 0.9827 0.425 -8.586
4.tio7 0.9885 0.021 -0.032 0033kl 0.9898 0.267 -6.027
5.1074 0.9935 0.013 -0.022 0.3558 0“.9943 0.160 -3.5’49
5.4271 0.9966 0.007 -0.013 0.3784 0.9970 0.089 -2.399
P.7603 0.9984 0.004 -0.008‘ 0.4020 0.9985 0.046 -1.342
6.1072 009993 0.002 -0.004 004265 0.9994 0.022 -0.690
6046$3 0.9997 0.001 -0.002 0.4520 0.9998‘:.;:: -0.323
6.8&28 0.9999 0 -0.001 0.4785 0.9999 . -0.136
7.2317 1.0000 0 0 0.5060 1 0.001 -0.051
7.6348,1.0000 0 0 0.5344 1 0 -0.012
8.0519I1.0000 0 0 0.5640 1 .0 -0.006
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T.K13LE!I.-Continued
.

.

TTIXVELOCITYDISTRIBUTIONWITEITSFIRSTAND

SIJCOMDDERIVATTKEFORVARIOUS~

r ‘a= 0.2; g =0.02

-~ Y3+=+

I
o

0.0260
0.0522
0.0787
0.1054
0.1324
0.1597
0.1874
0.2154
0.2k3g
0.2730
0.3026
0.3329
0.3640
0.3960
0.42w
0.4631
0.4984
0.5351
005733
0.6131
0.6?J46
0.6979
c).7431
0.7?02
0.8392
0.8902
0.9432
0.9982
100352
1.1142

o.0;66
0.1519
0.2257
0.2980
0.3684
0.4310
0.5027
0.5658
0.6257
0.6820
0.7342
0.7820
0.8249
0.8627
0.8952
0.9225
0.9442
0.9621
0.9751
0.9845
0.9W9
0.9950
0.9974
0.%@8
00,9995
0.9998
0.9999
1
1
1

2.985
2.910
2.831
2.748
2.658
2.558
2.445
2.319
2.178
2.023
1.852
1.670
1.478
1.282
1.084
0.893
0.712
0.548
0.405
0.285
00191
0.3-21
0.071
0.039
0.020
0.009
0.004
0.001
0.001

0
0

-2.96
-2.94
-3.04
-3.24
-3.53
-3.90
-4.27
-4.79
-5.25
-5.67
-6.02
-6.26
-6.35
-6.28
-6.02
-5●59
-5.00
-4.29
-3.52
-2:74
-2.02
-1.40
-0.90
-0.54
-0.299
-0.150
-0.068
-0.027
-0.011
-0.004
-0.001

o =0.3; g =0.045

o
0.0370
0.0745
0.1125
0.1509
0.1899
0.2295
0.2698
0.3107
0.3525
0.3951
0.4388
0.4837
0.5297
0.5772
0.6262
0.6770
0.7297
0.7845
0.8416
0.$Nll
0.9633
1.0282
1.0959
1.1665
1.24o1
1.3166
103961
-1.478’5
1.5641
1.6326

o
0.0805
0.1591
0.2356
0.3098
0.3817
0.4510
0.5174
0.5805
0.6400
0.6956
0.7468
0●7933
0.8349
0.8713
0.924
0.9283
0“9492
0.9554
0.9775
0.9861
0.9919
009956
0.9978
0.999Q
0.9995
0.9998
009999
1
1
1

t

2.216
2.136
2.055
1*973
1.,888
1.797
1.701
1.597
1.485
1.365
1.239
1.107
0“972
0.835
0.700I
0.571
0.451
0.344
0.252
0.176
0.I16
0007:
0.043
0.023
0.012
0.005
00002
0.001

0
0
u

-2.20
-2.15
-2.14
-2.19
-2.27
-2.38
-2.49
-2.67
-2.79
-2.91
-? .00
-3.04
-3.01
-2.92
-2.75
-2.51
-2.21
-1.87
-1.51
-1.lE
-0.84
-o●YF
-00367.
-0.217
-0.119
-0.059
-0.027
-0.011
-o.(?04
-0.001
-0.001

.

.

.

.

.

n
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TABIJII.-Continued

51

.

.

●

TEEVELOCITYDISTRIBUTIONWITHITS

SECONDD3ZUVATIVEFORVARIOUS

CT= 0.4;g = 0.08

o
0.0471
0.0948
0.1434
0.1928
0.2430
0.2g41

,0.3463
0.3995
0.4539
0●5097
0.5669
0.6257
0.(3364
0.7490
0.8138
0.8811
0.9510
1.0238
1.0998
1.1790
1.2618
1.3483
1.4383
1.5327
1.6307
~.7328
1.8388
1.g488
2.0628
2.1808

0.0:43
0.1661
0.2452
0.3214
0.3947
0.4648
0.5315
0.5946
0.6537
0.7085
0.7587
0.8041
0.8443
0.8793
0.9090
0.9336
0.9533
0.9684
0.9797
0.9876
0.9928
0.9961
0.9981
0.9991
0.9996
0.9999
1.0000
1
1
1

1 au
~m

1.835
1.751
1.669
L 586
1.502
1.415
1.326
1.233
1.136
1.035
0.931
0.825
0.717
0.6u
0.508
0.411
0.322
0.243
0’.176
0.122
0.080
0.049
0.029
0.015
0.008
0.004
0.001
0.001
0
0
0

1 a%.—
Uo by*2

–1.82
–1.75
–1.72
-1.70
-1.71
–1.7’3
–1.77
–1.80
-1.84
-1.86
–1.87
-1.85
–1.80
-1.71
–1.58
-1.42
–1.23
-1.02
-0.82
-0.62
4.4A4
-0.299
4.186
-0.110
-0.059
4.029
4.012
-0.005
,-O.OO1

0
0

u = 0.5; E

—’JOYp.r

o
0.0562
0.1135
0.1718
0.2314
0.2921
0.3542
0.4176
0.4826
0.5492
0.’6176
0.6880
0.7605
0.8354
0.9129
0.9933
1.0768
1.1638
1.2545
1.3493
1.4482
1.5516
1.6596
1.7724
1.8900
2.0126
2●1401
2.2726
2.4101
2.5526
2.7001

o
0.0882
0.1730
0.2545
0.3327
0.4073
0.4783
0.5454
0.6084
0.6671
0.72u
0.7704
0.8145
0.8534
0.8871
0.9154
0.9387
0.9572
0.9713
0.9816
0.9889
0.9937
0.9966
0.9983
0.9992
0.9997
0.9999
1.0000
1
1
1

s 0.125

1.6I2
1.525
1.439
1.355
1.271
1.i87
1.101
1.014
0.926
0.836
0.745
0.654
0.564
0.476
0.393
0.315
0.244
0.183
0.131
0.090
0.058
0.036
0.020
0.011
0.005
0.002
0.001
0
0
0
0

1 a%
~~

–1.60
–1.52
-1.47
-1.43
–1.40
–1.38
–1.37
-1.37
-1.36
-1.34
-1.31
-1.27
-1.21
-1.13
-1.03
-0.91
-0.78
-0.64
-0.50
~. 376
-0.266
4.177
4).110 ;
-0.063 i
-0.033\
-0.016 i
-0.007
4.003
-0.001
-0.001

d
o
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TABIJl1.-Continued .

n

THEVELOCTI?YDISTRIBUTIONWITHITSFIRSTAND

SECONDDERIVATIT@lFORVARIOUSg ,

u = 0.6; ~ = 0.18r—TOY
Y*=— v

0.:47
0.1307
0.1982
0.2672
0.3379
0.4102
0.4844
0.5606
0.6388
0.7194
0.8026
0.8884
0.9773
1.0695
1.1653
1.2649
1.3689
1.4774
1.5907
1.7093
1.8332
1.962Q
2.0981
2.2392

, 2.3863
~;:~;;;

I 2.8633

l-.

3.0343
3.2113

o
0.0919
0.1798
0.2637
0.3437
0.4197
0.4949
0.5593
0.6218
0.6800
0.7333
0.7815
0.8245
0.8621
o*8944
0.9215
0●9435
0.9608
0.9735
0.9835
0.9901
0.9944
0.9970
0.9985
0.9993
0.9997
0.9999
0.9999
1
1
1

1.467
1.376
L287
1.201
1.117
1.033
0.950
0.868
0.785
0.703
0.621
0.540
0.462
0.386
0.316
0.”251
0.193
0.143
0.101
0.069
0.044
0.027
0.015
0.008
0.004
O.om
0.001
0
0
0
0

-1.45
–1.37
-1.30
-1.25
-1.20
-1.16
–1.13
–1.101
-1●07
-1.04
-0.99
-0.94
-0.88
-0.81
-0.73
-0.63
-0.532
-o.413
-0.334
-0.247
-0.172
-o.113
+.069
+.039
-0.020
-0.010
-0.004
-0.002
4.001

0
0

I

a = 0.7; ~ = 0.245

o
0.0724
0.1464
0.2225
0.3005
0.3805
0.4627
0.5471
0.6341
0.7237
0.8161
0.9117
1.0106
.1.1132
1.2206
1.3316
1.4473
1.5680
1.6942
1.8262
1.9643
2.1088
2.2599
2●4177
2.5823
2.7539
2.9324
3.1179
3.3104
3●5099
3.7164

o
0.0955
0,1864
0.2727
0.3545
0.4317
0.5ob2
0.5719
0.6347
0.6924
0.7450
0.7922
0.8340
0.8704
0.9013
0.9270
0.9479
0.96b2
0.9764
0.9852
0.9907
0.9951
0.9974
0.9987
0.9994
0.9998
0.9999
1
1
1
1

1.366
1.271
1.180
1.092
1.007
0.923
0.842
0.762
0.683
0.606
0.531
0.458
0.388
0.322
0.261
0.205
0.~56
0.115
0.081
0.054
0.034
0.020
0.011
0.006
0.003
0.001
0.001

0
0
0
0

-1.35
-1.27
-1.19
-1●12
-1.07
-1● 02
-0.97
-0.93
-0.88●

-0.84
-0.79
-0.74
-0.68
-0.61
4.54
-0.462
-0.384
-0.307
-0.235
-0.171
-0.117
-0.076
-0.046
-0.026
-0.013
+.006
-0.003
-0.001
-0.001

0
0

,

.

*

.

.

m
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TABLEI.-Continued

‘ITEVELOCITYDISTRIBUTIONWITHITEFIRST!AND

SECONDDERIVATIWi!F@ VARIOUSg

—TOY
Y*’— v

0
0.0797
0.1616
0.2457
0.3321
0.421J
0.5126
0.6070
0.7043
0.8048
0.9088
1.0165
1.M?83
1.2444
1.3652
1.4912
1.6228
1.7603
1.9041
2.0547
2.2123
2.3773
2.5498
2.7301
2.9183
3.1143
3.3184

0 = 0.8; k = 0.32

u
~

o
0.0990
0.1929
0.28i5
0.3651
0.4434
0.5166
0.5846
0.6472
0.7044
0.7562
0.8024
0.8431
0.8782
0.9079
0.9324
0.9521
0.9673
0.9786
0.9867
0.9922
0.9957
0.9977
0● 9989
0.9995
0.9998
0.9999
1
1
1
1

1 au
~p

1.292
1.194
1.100
1.010
0.923
0.840
0.760
0.682
0.606
0.533
0.463
0.396
0.333
0.274
0.219
0.171
0.129
0.094
0.065
0●043
0.027
0.016
0.009
0.005
0.002
0.001
0
0
0
0
0

-1.28
–1.19
-1*U
–1.03
-0.97
-0.91
-0.85
-0.80
4.75
4.70
-0.65
a.60
-0.54
-0.479
-0.416
-0.352
4.288
-0.227
-0.171
+.123
4.083
-0.053
-0.032
4.018
4.009
-0.004
+. 002
-0.001

0
0
0

a = 0.9; g = 0.405

0.:65
0.1756
0.2673
0.3618
0.4592
0.5597
0.6635
0●7709
0.8820
0.9972
1.1168
1.2411
1.3706
1.5055
1.6464
1.7937
1.g478
2.1093
2.2784
2.4555
2.6410
2.835o
3.0378
3,24g4
: .;70;

3:9380
4.1855
4.4420
4.7075

u
~

o
0.1025
0.1993
0.2902
0.3754
0●4549
0.5287
0.5968
0.6593
0.7160
0.7670
0.8122
0.8517
0.8856
0.9141
0.9374
0.9559
0.9701
0.9807
0.9881
0.9930
0.9962
0.9980
0.9991
0.9996
0.9998
0.9999
1
1
1
1

lau
CF

1.237
1.135
1.038
0.946
0.859
0.775
0.695
0.619
0.546
0.476
0.410
0.347
0.289
0.236
0.187
0.145
0.108
0.078
0.054.
0.035
0.022
0.013
0.007
0.004
0.002
0.001
0
0
0
0
0

I.a%.—
~. ay#

–1.23
–1.13
–1.04
~. 96”
-Q.89
4.83
4.76
-0.71
4.65
4.60
-0.55
+. 495
-o ●441
-0.386
-0.331
-0.276
-0.222
4.173
4.129
4.091
-0.061
~. 038
-0.023
-o ● 012
~. 006
-0.003
-0.001

0
0
0
0
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TABLEI.-Continued

THEVELOCITYDISTRIBUTIONWI’lY3ITSFIRSTAND

SECONDDERIVATIVEFORVARIOUS~

1

I
a = 1.0;E = 0.5

-v*y
P= -y-

0“
0.0929
0.1888
0.2877
0.3898
0.4973
0.6044
0.7174
0.8345
0.9560
1.0821
1.2134
1.3501
1.4926
1.6415
1.7971
1.9601
2.1308
2.3097
2.4973
2.6940
2.8999
3.1154
3.3407
3.5758
3.8209
4.0759

I4.3409
i4.615g
,4,90”&
5.1959

o
0.1060
0.2055
0.2986
0.3854
0.4660
0.5405
0.6088
006710
0.7272
0.7773
0.8215
0.8399
0.8976
0● 9199
0.9421
0.9595
0.9778
0.9825
0.9893
0.9938
0.9967
0.9983
0.9992
0.9996
0.9999
0.9999
1
1
1
1

1.194
1.089
0.989
0.895
0.806
0.722
0.643
0.568
0.497
0.430
0.367
0.308
0.274
0.205
0.162
0.124
0.092
0.065
0●04’5
0.029
0.018
0.010
0.005
0.003
0.001
0●001

0
0
0
0
0

-~.18
-1.08
-0.99
-0.91
-0.83
-0.76
-0.70
-0.64
-0.58
-0.52
-0.472
-0.420
-0.369
-0.318
4.268
-0.221
-0.176
-0.135.
-0.099
~.069
-0.046
-0.028
-0.016
-0.009
-0,004
-0.002
-0.001
0
0
0
0

u = 1.2;g s 0.72

-v@r*=_
v

o
0.1047
0.2130
0.3253
0.4417
0.5625
0.6880
0.8184
0●9541
1.0955
1.2430
1.3969
1.5578
1.7261
1.9025
2.0874
2.2814
2.4851
2.6989
2.9234
3●1590
3.4059
3.6643
3.9346
4.2167
4.5107
4.8168
5.1348
5.4648

u
~

o
0.1127
0.2176
0.3149
0.4048
0.4874
0.5629
0.6315
0.6932
0.7483
0.7968
0.8391
0.8753
0.9056
0.9306
0.9505
0.9660
0.9775
0.9858
0.9915
0.9952
0.9974
0.9987
0.9994
0.9998
0.9999
1
1
1

lau.—
u. &*

.—

1.135
1.022,
0.917
0.818
0.727
0.642
0.563
0.489
0.422
0.359
0.301
0.249
0.202
0.160
0.136
0.093
0.067
0.047
0.031
0.020
0●012
0.007
0.004
0●002
0.001
0
0
0
0

1 *U——
u~ &*2

-1.135
-1.022
4.921
-0.828
-o●744
4.665
~.596
-0.532
-0.477
-0.424
-0.365
-0.316
-0.262,
a.228
-0.194
-o●154
-0.120
-0.086
-0.062
-0.043
-0.026
-0.015
-0.008
-0.005
0
0
0
0

.
●

.

I

.

.
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—v~r*=— v

0.1:53
0.2350
0.3596
0.4892
0.6242
0.7650
0.9119
1.M52
1.2257
1.3936
1.5695
1.7540
1.9476
2.1510
2.3648
2●5$97
2.8261
3.0748
3.3361
3.6105
3.8983
4.1998
‘4.5150
4.8441
5.1871
5.5441
5.9151

1205

TABLEI.-Continued

TEEVXLOCITYDISTRIBUTIONWITHTIE

SECONDDERIVATIVEFORVARIOUS

a = 1.4;e = 0.98

u
u=

0.1;92
0.2293
0.3306
0.4234
0.5079
0;5843
0.6544
0.7140
0.7679
0.8148
0.8551
0.8891
0●9173
0.9400
0.9579
0●9715
0.9815
0.9886
0.9933
0.9963
0.9981
0.9991
0.9996
0.9998
0.9999
1
1

1.094
0.975
0.865
0.763
0.670
0.583
0.504
0.432
0.366
0.307
0.253
0.206
0.164
0.128
0.097
0.071
0.051
0.035
0.023
0.014
0.008
0.005
0.002
0.001
0.000

0
0
0

1 a%——
Uo&*2

–1.094
-0.975
-4.868
-0.770
-0.680
-0.599
4.526
-0.460
-0.399
-0.344
4.294
-0.248
*.207
-0.169
4.135
-0.105
-0.079
~. 058
-0.040
‘-0.027
-0.016
4.010
-0.005
-0.003
-0.001

0
0

“o
,
1
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FIRSTAND

~

a = 1.6; ~ = 1.28

o
0.1250
0.2552
0.3912
0.5331
0.6815
0.8367
0.9993
1.1697
1.3485
1.5362
1.7336
1.9412
2.1597
2.3898
$?.6323
2.8878
3.1570
3●4403
3● 7384
4.0517
4.3804
4.7248
5.0849
5.4610
5.8530
6.2610
6.6850

o
0.1254
0.2406
0.3457
0.4411
0.5273
0.6045
0.6731
0.7335
0.7862
0.8314
0.8698
0.9017
0.9277
0.g484
0.9643
0.9763
0.9849
0.9908
0.9947
0.997’1
0.9984
0.9993
0.9997
0.9999
1
1
1

la-l——
Jo&*

1.068
0.943
0.827
0.722
0.625
0.538
0.459
0.387
0.324
0.267
0.217
0.173
0.136
0●104
0.077
0.056
0.039
0.026
0● 017
0.010
0.006
0.003
0.002
0.001

0
0
0
0

1 %U——
Do&*2

-1.068
-0.944
~.830
-0.726
-0.633
-o ● 549
-0.473
a.406
-0.345
4.291
4.243
4.200
-0.163
-0.130
-0.101
-0.077
-0.056
-0.040
-0.027
-0.017
-0.011
~. 006
4.003
-0.002
4.001
“o
o
0
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TABLE~.-Continued

THEVELOCITYDISTRIBUTIONWITHITSFIRGTAND

SECONDDERIVATIVEFORVARIUUS~

u = 2.0; E = 2.0

0.1?22
0.2914
0.4479
0.6125
0.7855“
0.9677
1.1598
1.3624
1.7763
1.8024
2.0414
2.2942
2.5617
2.8k47
3.1440
3.4605
3●7949
4.1476
4.5193
4.9102
5.3207
p.7510
6.2o11
6.6712
7.1612
7.6713
8.2013

o.l;74
0.2619
0.3740
0.4743
0.5633
0.6417
0.7100
0.7688
0.8188
0.8607
0.8952
0.9231
0.9451
0.9621
0.9747
0.9838
0.9900
o.gg42
0.9968
0.9983
0.9992
0.9996
0.9999
1
1
1
1

I au.—
U. ay*

1.036
0.899
o*774
0.662
0.561
0.471
0.391
0.322
0.261
0.209
0.164
0.126
O.oyj
0.070
0.050
0.035
0.023
0.015
O.oog
O.oofj
0.003
0.001
0.001

0
0
0
0
0

-1.037
-0.900
-0.775
-0.664
-0.565
--0.476
4.398
-0.330
-0.271
-0.220
-0.176
4.139
+.108
4.082
-0.061
-0.044
4.030
-0.020
-0.013
-0.008
-0.005
4.002
-0.001
-0.001

0
0
0
0

a = 2.4; E s 2.88

-v&y
Y*=Y

o.1;75
0.3235
0.4g86
0.6836
0.8793
1.0866
1.3063
1.5394
1.7870
2.0500
2.3295
2.6267
2.g424
3.2778
3.6337
4.0110
4.4104
4.8325
5.2777
5.7464
6.2387
6.”7549
7.2g49
7.8589
8.4469
9.0589
9.6949

o.1~85
0.2817
0.4001
0.5047
0.5960
0.6750
0.7425
0.7ggk
o.8k67
0.8853
0.9162
0.9404
0.9588
0.9725
0.9823
0.9891
0.9935
0.g964
0.9981
0.9990
0.9996
0.9998
0.9999
1
1
1
1

lau——
U()ay*

1.019
0.871
0:738
0.619
0.514
(?.422
0.343
0.274
0.216
Q.168
0.128
o.og~
0.069
0.049
0.034
0.022
0.014
0.009
0.005
0.003
0.001
0.001

0
0
0
0
0
0

%

-1.020
4.871
-0.738
-0.620
-0.516
-0.425
-0.346
-0.279
-0.221
-0.173
-0.133
-0.101
-0.075
-0.054
-0.038
a 026
-0.017
-o. o1.1
-0.007
-0.004
-0.002
-0.001
-0.001

0
0
0
0
0
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TABLXI.-Continued

THEVELOCITYDISTRIBUTIONWITHITSFIRSTAND

SECONDDERIVATIVEFORVARIOUS~

u = 3.2; ~ s 5.12

—Toy
Y*=7

o
0.1836
.0.3788
0.5868
0.8086
1.ok56
1.2992
1.5708
1.8619
2.1741
2.5090
2.8681
3.2528
3.66k5
4.1045
;. ;;:;

5:6028
6.1639
6.7565
7.3808
8.0370
8.7251
9.4451

10.1971
10.9811
11.7971

u
u;

o
0.1691
0.3178
0.4471
0.5584
0.6529
0.7319
0.7969
0.8494
0.8909
0.9229
0.9471
0.g648
0.9773
0.9859
0.9916
0.9952
0.9973
0.9986
0.9993
0.9997
0.9998
0.9999
1
1
1
1

lau
——
U. ay*

1.009
0.839
0.690
0.560
0.448
0’.353
0.273
0.208
0●155
0.113
0.080
0.056
0.037
0.024
0.015
0.009
o.o~
0.003
0.002
0.001

0
0
0
0
0
0
0

–1.014
-0.843
4.693
a. 562
-0.450
-0.355
-0.275
-0.210
4.157
-c-.115
-0.082
-0.057
-0.039
-0.026
-0.016
a. oio
-0.006
-0.003
-0.002
-0.001

0
0
0
0
0
0
0

u = 4.0; g = 8.0

—Toy
Y*=— v

0.2;68
0.4284
b.6661
0.9218
1●1973
1.4947
1.8159
2.1632
2.5387
2.9446
3.3828
3.8552
4.3633
4.9085
5.4g16
6.1134
6.7744
7.4750
8.2153
8.9955
9.8155

10.6756
11.5756
u. 5156
13.4955

o
0.1870
0.3488
0.486g
0.6031
0.6991
0.7769
0.8386
0.8863
0.9222
0.g484
0.9669
0.9795
0.9878
0.9929
0.9961
0.9979
0.9989
0.9994
0.9997
0.9998
0.9999
1
1
1
1

lau——
Uo ay*

1.000
0.814
0.653
0.515
0.399
0.303
0.225
0.163
0.115
0.079
0.052
0.034
0.021
0.012
0.007
0.004
0.002
0.001
0.001

0
0
0
0
0
0
0

1 #u.—
Uo *<

4.996
-0.811
~. 651
4.514
4.399
4.303
4.225
-0.163
-0.115
4.079
-0.053
4.034
-0.021
-0.013
-o*007
-0.004
4.002
-0.001

0
0
0
0
0
0
0
0
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TABLEI.-Concluded

THEWZOCITYDISTRIBUTIONWITHITSlTRSTAND

SECONDDERIVATIVEFORV’ARIOUS~

.

d

a = m“9 k =m

AsymptoticSuotionProfile

o
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.2
3.4
3.6
3.8

:::
4.4
4.6
4.8
y .0
5.5
6.0
6.5
7.0

0
0.1813
0.3297
0.4512
0.5507
0.6321
0.6989
0.7534
0.7981
0.8347
0.8547
0.8892
0.9093
0.9257
0.9392
0.9502
0.*92
0.9666
0.9727
0.9776 -
0.9817
0.9850
0.9877
0.9899
0.9918
0.9933
0.9959
0.9972
0.9985
0.9991

~.8187’
0.6703
0.P488
0.4493
0.3679
0.3012
0.2466
0.2019
0.1653
0.1353
0.I.108
0.0907
0.0743
0.0608
0.0498
0.0408
0.0334
0.0273
0.0224
0.0183
0.0150
0.0123
0.0101
0.0082
0.0067
0.0041
0.0028
0.0015
0.0009

—..

-1
-0.8187
-0.6703
-0.5488
-0.4493
-0.3679
-0.3012
-0.2466
-0.2019
-0.1653
-0.1353
-0.1108
-0.0907
-0.0743
-0.0608
-0.0498
-0.0408
-0.0334
-0.0273
-0.0224
-0.0183
-0.0150
-0.0123
-0.0101
-0.0082
-0.0067
-000041
-0.0028
-0.0015
-0.0009
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o
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.2
1.4
1.6
2.0
2.4

:::
m

31asiu:
o

0.005
0.02
0●045
0.08
0.125
0.18
0.245
0.32
0.405
0.5
0.72
0.98
1.28
2.0
2.88
5.12
8.0
m

TABLEII

CHARACTERZ3TICBOUNDARY-LAYERPMMETERS:

-vo6*/v,-vOS/v, b*/$,~08*/@o,F(g)

l/-E-

0.0?07
0.141
0●212
0.283
0.354
0.424
0.495
0.566
0.636
0.707
0.849
0.990
1.131
1.414
1.697
2.263
2.828

m

—V06*

v

o
0.1140
0.2114
0.3026
0.3808
0.4501
0.5113
0● 5660
0.6143
0.6575
0.6954
0.7613
0.8121
0.8530
0● 9108
0.9475
0.9828
0.9958
1

o
0.0451
0.0855
0.1246
0.1597
0.1917
0.2210
0.2480
0.2725
0.29.49
0.3149
0.3505
0.3802
0.4044
0.4399
0.463O
0.4878
0.4971
o.~

2.59
2.53
2.47
2.43
2939
2.35
2.31
2.28
2.25
2.23
2.21
2.17
2.14
2.11
2.07
2.05
2.01
2.00
2

0.5714
0.6068
0.6311
0.6706
0.6988
0.7258
0● 7500
0.7730
0.7937
0.8130
0.8302
0.8638
0.8888
0.9113
0.9436
0.9658
0.9914
0.9961
1

F(E)

—

10.:14
5.327
3.768
2.994
2.532
2.227
2.011
1.850
1.727
1.629
1.486
1.387
1.315
1●220
1.161
1.0956
1.063
1

.

●
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T Ve[x)= Const.

Figure1.-Explanatorysketch;systemofcoordinates.

Y M./.
t

U=u.

U=o, v=v.(x)o PX

Figure2.- Sketchofcoordinates.

t

Figure3.-Sketchofcoordinates.

.
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I

?J&=f(x~)

Figure

%

t Z=o

4.-Sketchofcoordinates.

Z=4

Z=40 ‘E 1

Figure5.-Sketchofcoordinates.

6

Figure6.-Sketchofcoordinates.

E.
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Figure9.-Thefirstderivativeofthevelocitydistribution
8*/u~au/dy againsty/6*.
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Figure10.- Thesecondderivativeofthevelocitydistribution
6*21U082u18y2 againsty/8*.



1.0

08

/

“04

/

1— — — — — — ~
I I I

I
o 0.2 04 0.6 0.8 1.0 1.2 1.4 L6 Ill

Figure 11.-Thecharacteristicboundary-layerpars.meters-V08* ,

-Voap , 6*/# , T iiyluo -t &
}

o .

t , 8.



TM No.1205 67

.

i

“.

Figure12.- Streamlinepattern(totalrepresentation).They-directionis,
comparedtothex-direction,increasedbythefactor1/51 c .
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‘,vo=cblst

Figure13.- Streamlinepattern;representationattheleadingedgeofthe
platemagnified.
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Figure14.- Thetransversevelocityv V. against~./

Figure15.- Theuniversallawfor thefrictiondragof theplatewith
homogeneoussuctionF(&l) = cf/2cQ against~z = C2
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